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PROBABILITYANDFNQUIWYCHARACTERISTICSOF

SOMEFLIcmBUFFETImDS

ByWilber,B.HustonandT.H.Skopinski

Thefrequencycharacteristicsandstatisticalpropertiesofthe
buffetloadsmeasuredontheunsweptwingtiatailofa fighterairplane. havebeenstudiedinthestall@ intheshockregime.Theresults
indicatethatthewingloadsinbuffetingcanbetreatedastheGaussian
responseofa simpleelasticsystem.Thetailloadsqpeartorepresent
amoreccxnplicatedprocess.

INTROIIUCTION

Thefluctuatinglosdsimposedonanaircraftstructureinthestalled
flightconditionhavebeenstudkiextensivelysincetheirpotentially
destructivecharacterwasrevealedin1930(ref.1). Althoughfirst
interestwascehteredon“tailbuffeting,”inwhichlosdsme inducedon
thetailbyfluwdisturbancesinthewakewhichhsxetheirorigininthe
separatedflowuverthestalledw5ng,itwassoonrealdzedthatthis
inducedorsecondarybuffetingwasonlypsrtofa largerclassofsepa-
ratimphenomenaandthattheseparatedflowuverthewingcouldalso
produceappreciableloadsintheairplanestructure.Theterm‘huffeting”
isnowgenerallyusedtoincludethisprimarybuffetingaswellasthe
secondaryorinducedtype.Asthespe~ofairplaneshasbeenectended
intothetrsnsonicandsupersonicrsnges,thetermbuffetinghasalso
beenapplidwhentheseparationisassociatedwithshockformationor
othercmplexfluwpatternsinthehigherspe~rsnges.Buffetingis
alsousedtocharacterizeboththeaerodynamicexcitationandtheresult-
antstructuralloads.

Inattemptsatquantitativetreatmentofbuffetloads,amajordiffi-
cul~ isfoundintherendomcharacterofthefluctuations,whichhasled
touncertain~intheapplicationofanys~le numericalmeasure(such
asthefrequentlyusedhalfofthepeak-to-peakvalue).Thisrandomness
hasbeenrecognizedbymanyworkers,butthepossibleapplicabilityof
theanalyticaland~erimental.toolsdevelopeiiinthestudyofrandom
processeswasfirstpointedoutin1951(ref.2)..Someexperimental.

.—. — .—-. .—. .— ..— — — —-. . ——



2 NACATN3733

evidenceforthisapplic~ildtywaspruvidedbytheanalysisofrefer-
ence3,wherethepeakvaluesofwingandtailrootstructuralshear
measuredinstallsofvaryingdurationatvariousspeeds.andaltitudes
werefoundtocorrelatewellwithcertainparameterssuggestedby con-
siderationofthelinearresponseofanaerodynamicallydampedelastic
systemtoanaerodynamicexcitationwhichisa Gaussianrsndcmprocess.

TheGaussianrandomprocess,whichisdiicussedinmoredetailin
thebdy ofthepaperendinEQPe.ndixA,isa specialtypeofrandom
processaboutwhichmuchmoreisknownthenanyothertype(refs.4
to7). Ofparticularinterestisthefactthatthestatisticalproper-
tiesofsuchaprocessaresimplyrelatedtoitsfrequ=cycharacteristics
asrepresentedbythepuwerspectrum.A primarypurposeofthepresent
study,therefore,istoexaminethecharacterofthewingandtailloads
h buffetihginordertodeterminehuwwellbuffetloadsapproximatea
Gsussisnrandomprocess.Forthispurposeanuniberofcharacteristics
oftheloadtimehistoriesareevaluatedandccmparedwithwhatwould
be qected fora Gaussisnprocess.lhsilditiontothepowerspectrum,
thecharacteristics~ed aretheprobabili~distributionofthe
loads,thefrequencyofzerocrossings,endtheprobabilitydistribution
ofthepeakloads.Thesepropertieswerechosenbecausetheycouldbe
readilyevaluatedandareofinterestinconnectionwiththestudyof
fatigue. ,!

Inaamuchasbuffetingwasacounteredduringmaneuveringflight,the
timehistoriesofmeasured.wingsndtailloadscontainAlarge-amplitude
componentsatlowfrequenciesinadditiontothemorerapidloadfluctua-
tionsofbuffeting.A briefaccountofthenumericalmethodsutilized
forthestudyofbuffetingundertheseconditionsisincluded.

c~

f

fF

‘o

‘P

kl>%

SYmQIs

airplanenormal-forcecoefficient

freg@h2y,cps

foldingfrequency,&-- Cps

averagenumberofcrossingsper
positive(ornegative)slope

secondofthezeroaxiswith

averagenunberofpositive(ornegative)Teakspersecond.

constantsofthepeakprobabilitydistribution(definedin
eqs=(9)aud(10))

.—. — —.—— —. ———.-
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P(y)

P
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Y

z

a

a

o(f)

L]

{}

II II

buffetcomponentofrootstructuralshearload,lb

largestvalueof L ina specifiedthe interval,lb

Machnmiber

mmiberinsample

averagenuuiberofpeakspersecondwhichexceed
of L

probabili~thatavalueofthersndomvariable
=ceeded

a givenvalue

y willbe

~-%penetration~ond thebuffetboundary),
%lEU#%E

-C pressure,Ib/sqft

time,sec

a specifiedtimeinterval,sec

a randomvariable
●

stsndardvariable,e u

singleofattack,deg

standarddeviation

puwerspectraldensityfunctionofbuffetload,lb2/cps

rowmatrix

Colulllnmatrix

rectangular.matrtx

Subscripts:

BB buffetbuundary

N rehtingtonomblprobabilitytictions

P relatingtopeakprobabili~functions

.... .. ... ———.. .— —- .—. —.. -— ——.—. ——. - — -
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t tail

w

msx maximum

Timedifferentiationisdenotedbydots(s8 j, ~,etc.)

SCOPEANDGENERALCHMUCTEKBTICSOFFIJGHTBUI!FET-lXIADDATA .

Theflightdataanalyzedinthepresentinvestigaticmwereacquired
inthecuwseoftheflightinvestigationofthewingandtailbuffet
loadsreportd- reference3. Theairplane,flightinstrumentation,
anddata-reductionproceduresaredescribedInreference3. Sanechar-
acteristicstructural.vibrationfrequenciesoftheairplanearelisted
inIXbleI. Thepresentstudy,whichdealswithtimehistoriesofthe
wingandtailrootstructuralshear,requiredamoredetailedevaluation
ofthestrain-gegerecomlsthanwasrequiredforreference3,whichdeals
withmaximumvalues(one-halfofthelargestpeak-to-peakfIuctuation)
encounteredina run.Themessuredrootstructuralshearinbuffeting
wascomposedoftwocomponents:amaneuveringload(sluwvariations
overa rangeof20,000poundsinthecaseofthewing)anda superimposed o
buffetload(comparativelyrapidfluctuationsofasmuchas&,900pounds).
Forstudyofthestatisticalpropertiesofthebuffetlosds,separation
ofthebuffetcomponentfbomthemeasuredvaluesofloadwasrequired.
Thisseparationwasacccanplishedbymeansofa numericalfilteringtech-
niquewhich,sinceitmaybeofuseinthestudyofotherflightbuffet
measurements,isdescribedinappendixB.

ManeuversEurestigated

Ofthelx runsreportedinreference3,sixwereselectedforthe
detailedwal.uationreqpiredinthepresentinvestigation,threeinthe
stallre@mesndthreeintheshockregime.FourruM wereobt~ned
withthebasicairplaneandtwowiththemodifielairplane,thatis,the
airplanewith100-poundweightssddedinternallynearthewingtipsin
ordertolowerthenaturalfrequencyofthew3nginthefmdamental
bendingmodeficm1.1.7to9.3cps.Theresultsfortwoofthesixruns
arereportedherein,sincethq werefoundtobetypical.RunA isa
gradualpull-uptothestallwiththemodifiedair@me ataMachnumber
ofO.46;runB,withthebasicconfiguration,isa grsdualpull-upinto
thebuffetregionataMachmxiberofO.W. Thevariationof”airplane
normal-forcecoefficientandMachnumberinrelationtothebuffetbound- “
aryoftheairplaneisshownfortheserunsinfigure1. Thewows in
figure1 representflightconditionsfortheonsetandendofbuffeting
asevidencedbytheaccelerometeratthecenterofgravity.

~J

—..
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TimeIEstoryofFlightConditionand.BuffetJhtensi&

Thetimevariatimsofairplanenormal-forcecoefficient,Mach
nwiber,andbuffetintensityforrunsA andB sreshownirifigure2.
Angle-of-attackvaluesarealsogiva forrunA. Themeasureofbuffet
intensity,denotedbythesymbolc(t),istheroot-mesn-squsrevalue
ofthebuffetingshesrina l/2-secondperiod;thatis,

“(t)=ki’L2(t)d(1) -

whereT istakenasaperiodof1/2second.Thisvaluewsacomputed
atsuccessiveoverlapping2/10-secondintervalsandeachvalueisplotted
infigure3 atthetimecorrespondingtothemiddleofthel/2-second
period.A l/2-second.period,invol~ therootmeansquareof~ meas-
uredvalues,wasselectedsftersanetrialasbeinglongenoughtogive
a sampleofreasotilestabiiityina statisticals-e, yetshortenough
toreflectchangesinlevelassociate~withchangesinflightcondition.

Stallregime,runA.-Forresdiercomparison.ofthebuffetintensity
withairplaneoperating”conditioninthestall,thedataof“figure2(a)
havebeenreplottedinfiguresz(a)and(b)as a(t) against both ~

Jhtheseplotsthesquaresymbolssreusedtodistinguishthe
%a ~~licable*Othestallrecovery(t>5 secondsinfigure2(a)).
Noparticulartrd ofwingortailbuffetloadwith ~ isevidentin
figure3,orofwingbuffetloadwith”a,butapossiblecorrelationof
tailbuffetloadwith a isindicated.Jhanattempttodecideonan
objectivebasiswhetherthescattershuninfigure3 waslargerthan
cuuldreasomblybeascribedtochance,andthusmightindicatethe
presenceofsamesystematicfactorinthedata,a standardstatistical
test(Bartlettts,ref.8)forhomogeneitywasappliedtothevalues
of a(t).Forthewingloads(fig.2(a))thistestsuggeststhatthe
scattershowniswithinthe‘limitstobe expect~onthebasisofchance,
butthescatterforthetailloedsisgreaterthanwouldbeexpectedon
thebasisofchancealone.Thisfindimg,togetherwiththea~arent
correlationoftailloadwithangleofattack,tendstoconfirmthe
indicationsofreference3 that oneormoreadditionalparametersmsy
=istwhichexeimportantindeta tailloadsputwhicharenot
disclosedbythepresentinvestigation.

Shockregime,runB.-Infigure2(b)thetimehistoriesof a shuw
marked.similaritiestothetimehistoryof ~. Thesevaluesofbuffet
intensi@arecompareddirectlywith ~ infigureh(a).Bothwingand
tailloadsincreasesharplywithvaluesof ~ above*out0.46.The

. ...- . ..—-. ... —_- .=. _ — -..
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trad
shuwn
of36

appearstobewell.
whichfitthewing

representedby
andtailloads

theleast-squaresstraightlines
withstandarderrorsofestimate .

end18pounds,respectively.lilfittingthesellnes,thedata
representedbyfleggedsymbolswereemitted.Thesedata”afilytothe
rapidreturntolevelflight(t> 4 seconds)inrunB,whereconditions

w

werechmgingtoorapidlytoberepresentedadequatelyby l/2-second.
averages.

Beceuseofextraneousfactors,thevaluesof u infigureh(a)do
notgotozero.Forthewingdata,therandomerrorsassociatedtith
recordreading,cabinedwithstrain-gagesensitivi~(16,000lb/in.),
hada standezxideviationofabuut60pounds.Forthetailloads,reading
accuracywasnota factor,butapericdiccomponentisalwayspresent
inthetail-loadrecordatthepropellerbladepassagefrequency,86cps.
Thiscomponentofthetailloadinlevelfl$ghtinrunB hasa root-mean-
squarevalueofabout25pounds,andanexeminatimioftheoriginal
recordsshowsthatitincreasessomewhatwithlift.Theseeffectstend
toobscurethedetailinresolvinglowlevelsofbuffetingbuttheyare
j~ed nottoaffectappreciablytheI_arg=valuesof u(tj.

Althoughitappearsthataplotofthevariationofbuffetintensity
with ~ ata givenMachnunibercouldbeusedtodeterminethevalue
of ~ atwhichbuffetingstarts,andthustofindapointonthebuffet
boundary,applicationofUs conceptiscomplicatedinthepresent

o

instancebyboththedecreaseinMachnuniberduringtherunendbythe
actraneouseffectsmentionedpreviouslywhichhaveobscuredthebuffet
loadsoflowmagnitude.

.
Itdoesappear,however,thatbuffetingispres-

entatvaluesof ~ greaterthan0.46,avtiewhichcomparesfavorably
withtheconditionforonsetofbuffetingindicat~infigure1.

b ordertocorrelatethevariationsofbuffetloadwithboth CN
andMachnumberintheshockregime,apenetrationparameterP was
definedinreference3. A givenvalueof ~ ata givenMachnumber,
Whichpenetratedthebuffetregionbyanincrement~ - c%, was

expressedaaa ratiointermsofthemaximumpossiblepenetration

%llax-%B:
CN-

%‘=%llax-%m(2)
Thisformula
buffetloads
tionwithP

takescareofvariationsofboth ~ endMachnumber.The
ofrunB areplott@againstP infigurek(b).Thevaria- .
appearstobelinear.Least-sgyaresstraightlinesthrough

L
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theoriginfitthewilqgandtailloaddatawithstandarderrorsofesti-
mateof32pounds@ lhpounds,respectively.Asbeforc$~wtarepre-
sentedbytheflaggedsynibolswereomittedinfittingtheleast-sgpares
straight‘lines.

ANUYS13ANDDISCUSSION

MethodofAnalysis

Asdiscussed.inappendixA,assessmentoftheGaussianornon-
Gaussiancharacterofthemeasuredflightbuffetloadsintermsofthe
usualformaldefinitionofGaussianrandomprocesseswouldinvolvea
setofrelatedprob~ili~distributions,mostofwhichwouldbecliffi-
culttodetermineortovisualize.Ikthepresentpaper,onlythesim-
plestofthesedistributionsisuseddirectlyforcomparisonwiththe
measuredloads.Theotherpropertiestobe exeminedfollowfromthe
natureoftheseprobabilitydistributions,butaredeterndnedfromthe
powerspectrumoftheloads.Thepowerspectrum@(f) mayberegarded
asa frequencyanalysisofthemean-sgyerevalueoftheloadfluc+mations.
Theequationsforthepropertiesusedspecificallyinthepresentstudy
folluw.

Thestandarddeviationu orroot-mean-squarevalueisdetermined
bytheareaunderthepuwerspectrumas

~ =Jwo(f)af (3)

Thenumberofcrossingspersecond.ofthezeroaxiswithpositive
(ornegative)slopeisanaversgefrequmcyf. where

J’m f%(f)Hfo2= o

r

(4)
Q(f)af

o
, Thetotalmmiberofpositive(ornegative)peakspersecondis fp,

where

Jo

(5)

. . ..— -. .-— _ .- .__.. .— .— — .-. ——
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probabilitydistributionsoftheloadsandofthelosdpeaks
convenientlyexpressedintermsoftheso-calledstandard
z

inrelation

betweenL

is
of
by

L hich~ressesthesizeofa givenvalueofloadL=W=—
tothestandsrddeviationa. TheprobsbiU.tythat L lies

w+)dJjwhere
and L+dLis (s

(6)

thenormalfhecluencydistributionofstatisticsorthe“normalme
error.” Thep~obsbilityofqcceed.ing,thatis, pN(L)2isexpressed
enintegralofequation(6)asthenormal.probabili~distribution

?.?

‘J

function

.00

JPN(Z)= “ WI(Z)as (7)
z=L/a

a relationwhichq be evaluat~byuseofstandardstatisticaltribles.

Theprob~ili@thatapeekloadwillexce~a givenvalueL,that 0
is, PP(L),isexpressedby apeakprob~ilityd.istrihutionfunction
Pp(z) where

Pp(z)

andtheconstantskl and ~ arefunctionsoftheratio%/fp>

k,= ~ - (f0,fp)2

%?

~tion (8)isillustrated
thefrequencyratiofo/fp.For
probdbili~distributionPp(z)
(eq.(7)).‘ExLsfigurehasbeen
paperonwhichthescalesareso

(8)

(9)

(10)
r~/rp

tnfigure~(a)forvariousvaluesof
theUmitingcsse‘o/fP= 0,thepeak
reducestothenormaldistribution
preparedonnormal-probabilitypaper-
adjustedthatthenormalprob~iliw

distributiongivesa straight-ldneplotandwhichthusservestoillus-
tratetherelationshipbetweenthenormalendpeakprobability
distributions.

n

b

—--—..— —
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h a Gaussianrandomprocess,thefirstmeuiberoftheaforanentioned
setofrelatedprobdbili~distributionscanberepresentedbythenormal.
probabilitydistribution,equation(7).TheGaussianc@racterofthe
buffetloadsinthepresentpaperis,therefore,firstassessedby cam-
paringequation(7)withtheprobabili~distributionofthemeasured
loadtimehistoriestakenfromtheflightrecords.Inaddition,the
distributionofthepeaksiscomparedwithequation(8),andthevalues
of f~ and fp determinedbycountingarecomparedwiththevalues
obtainedficmthepowerspectrumbyusingequations(4)and(5).lhas-
muchasthepowerspectrumissocloselyinvolvedinthesecomparisons,
thefrequencycharacteristicsoftheloadsmeasuredh thepresentstudy
arediscussedpriortotheprobabili~characteristics.

The
sndBis

PuwerSpectrumofBuffetIOads

frequencycontentofthewingandtailloads
showninfigure6. Thesepowerspectrawere

measuredinrunsA
ccmput~fromthe

loadt~ historiesbyuseofthenumericaltechniquesdevisedbyx,
m outlinedinreference7. Sincethespectraare‘basedonsampieti&-
historiesoffinitelengthresdatdiscretetimeintervals
(At= 0.01second),theyrepresentcertainnecessarycompriseswith
regardtofrequencyrange,resolution,smdprecision.Thesecompranises
arediscussedindetailinreference7. Thespectra,therefore,should
be consideredasestimatesofthepowerspectraldmity functionsof
thebuffetloadsratherthantruepuwerspectraldensities.

Thepuwerspectraoffigure6 sreessaitiallycharacteristicofthe
randomresponseofa 13ghtlydampedsingle-degree-of-freedomsystem.
Thelocationofthelsrgepeakatluwfrequenciesinthewing-load
spectracorrelateswellwiththefrequencyoffirstsymmetricbending,
9.3cps(tableI)forthemodifiedairplsne(fig.6(a))and11.7cps
forthebasicairplsne(fig.6(c)),andthusreflectsthechangeinfre-
quencycharacteristicsassociat~withtheaddedwing-tipweights.The
firstassymetricbendingmcdeandfirsttorsionmodealsoappearh .
thewingspectrabutthesecontributionsaresmall.Thelargerlow-
frequencypeakh thetails~ectraappesrskoreflectthefuselsgein
a torsion,or“tailrocking,modeat9.8cps;identificationofthe
otherlowpeaksintermsoflmownstructuralmodesislesscertain.

ProbabilityDistributionofBuffetImiis

Asa firststepinassessingtheGaussiancharacterofthersndom
loadsrepresentedbythepowerspectraoffigure6,thenumberofvalues
fromthelosdtimehisto~thatfallinvariousclsssintervalsare
givenintableII. SWlsr freuency-distributiondataaregivenin

7tableIIIforthelosdratioL P,a simpletransformationofthebuffet

----- -—- ---- .. -—. _ —.— __ __ ..—- —-
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load suggestedby
beyondthebuffet

thestiongWear
boundaryshownin

dep-ce ofloadm penetration
figurek(b).The‘Z3ads”columns

of-tablesIIandIIIwereobtaindby~orttiintotheappropriate
classesthepunchedcardscontainingthetimehistoriesofloadorof
transformedload.Alsogiveninthetablesisthemeanvalueofeach
frequencydistributionendthestsndarddeviationU.

\
Theprobabili~ofexceeithga givenvalueof L orof L/P,based

ontheloadflrequacydataoftablesIIsnd111,isshk infigures7
and8. !l?hesefigureshavebeenpreparedonnormal-prob~ili~paper.
SincethenormalprobsbilimdistiimtionpN(L)(eq=(7))givesa
straight-lineplot,useofprobabili@plottingpaperconstitutesone
oftheshplest.qualitativetestsfora normaldistribution.Fqrthe
shockregime,runB,thedistributionsofboth ~ and ~ (fig.7)
haveaccessiveoccurrencesofvq largeandverysmallvaluesasccm-
psredwitha nomaldistribution.Forthestallregime,runA,the
normaldistributionisa representaticmofthedatawhichwouldbe sde-
quateformostengineeringpurposes,althoughitissomewhatbetterfor
thewingloadsthanforthetailloads.Thetiansfomnedloadsforwing
endtail L/P (fig.8)correspondevenmorecloselytothenormaldistri-
butionthendothestallloadsofrunA.

A standardstatisticaltestofthesignificanceofsuchdiff=ences
betwe-snobserveddistributionandanassumeddistributionasare
eti&ntinfigures7 azxl8 isprovidedbythe # (chi-square)test.
(See,for~le, ref.8.) Thenumericalquantitiesrequiredforthe
useofthistestaregivenatthebottomoftablesIIendIII.Included
arethevalueof X2 andforcomparisonthevalueX2.05’whichisthe

valueof X2 atthe5-perc=tI=elofsi~ic~ce Q Inaccordance—

withusualpractice,a calculatedvalueof X2 leSStk thatforthe
5-percentlevelofsignificancemeyberegardedasindicatingthatthe
-differencesbetweentheobserveddistributionandthenormaldistribution
arenotsignificant.Onthebasisofthequalitativecomparisonoffig-
ures7 and8 andonthemoreobjectivebasisofthechi-sqparetest,it
isconcludedthatthebuffetloadsinthestallregimeandthetransfonnea
loadsintheshockregimedisplsyoneimportantcharacteristicofa
&ussianrandamprocess,nonnaliwofthefirstprobabilibdistribution.

l?rob~ili~DistributionofPeakBuffetImd.s

Forcomparisonwiththepeeksofa Gaussianrandamprocess,the
frequencydistributionsofthebuffet-loadpeeksofrunsA andB sre
givenintableIIandthepeaksofthetransformedloadsaregivenin
tableIII.Thefre~enciesofbothpositiveandnegativepeaksare
tabulated.Thedistinctionbetweenpositiveandnegativepeaksisbaaed

.- --— -—. -—— -—--- .-- —- .
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notontherelativepositionofthezeroaxis,but
tionsofthemsxhumsandminimumofa cmtinuous

11

ontheusualdefini-
function.- !lhusa

peakoccurswhenthefirstderivativeofa functioniszero;itisa
positivepeakwhenthesecondderivativeisnegative(positivecurvature)
snditisa negativepeakwhenthesecondderivativeispositive.

Thepeakprobshili~distributionsco~espondingtothepedcdata
oftablesIIandIIIareplottedinfigure9. & ~scissainthis
figureisthestandardvariablez,equal.to L/u,or,inthecaseof

~. Theprob~ilityPp(z)istheprobabili~thetransformedload, ~
thata peakwill.exceeda givenvalueof z. Forthepurposesoffig-
ure9,thenegativepeakdistributionsof9achloadwereinvertedabout
thezeroaxismd conibinedwiththecorrespondingpositivepeakdistri-
butionstogiveanaverageoreffectivepeekdistribution.Thisprocedure
wasadoptedtosimplifYthepresentationandtoincreasethesizeofthe
comparativelysmallssmples,sincethere~pearedtobenospecial.differ-
encesbetweenthepositiveandnegativedistributions.

Forccnnparisonofsnobservedpeekdisbibutionwiththepeakdistri-
butionofa Gaussianrandcunprocess,avalueoftheratiofO/fpis
requiredforuseinequation(8).The”lill.eSplOttedh fi~e 9 repre-
sentthepeakprobabili~distributionfunctionPp(z) (eq.(8))fortwo
estimatesoftheratiofo/fp.‘lhesolidtiesareforthevaluesobtained
by countingzerocrossingsandpeaksinthethe history;thedashedldnes
‘representvaluesobtainedfrcmtherespectivepowerspectraoftheload
byuseofequations(k)and(5).‘J!henumericalvaluesinvolvedaresumma—
rizedintableIV. Thespectrumvaluesof folfl?swerage0.12smaller
thenthecorrespondingtime-hi$toryvaluesbuttheeffectofthisdiffer-
enceontheshapeofthepeakdistributionissmall,especiallyatthe
levelofthelarger,moreinfrequentpeaks.Forthelosdswhichhada
Gaussianfirstprobsbili~distribution(* .Aandthetransformedloads
ofrunB)theobservedpeakprobabilitydistributionssppesrtobe in
goodsgreementwiththetheoreticaldistribution.ForrunB,whichhad
loadsthatwerenotnormallydistributed,thepeakdistributionappears
toreflecttheexcessofverylsrg~andverysmallvalues.Thequalita-
tiveresultsofthiscomparisonareconfirmedbythechi-squaretest,
forwhichthepertinentnumerical.dataaregivenatthebottczmofthe
peakfrequencycolumnsoftalesIIandIII.!l?hevaluesof X2 sh.uwn
forthepeakloadsofrunA sndthetransformedpealsloadsofrunB sre
notsignificantatthe5-percentlewel.Thesedistributionsare,there-
fore,judgedtodisplqyanothercharacteristicofa &ussianrandompro-
cess;that,is,theprobabilitythatapeakwillexceeda givenvalueis
givenbythepeskprobsbili~distributionfora Gaussianprocess.Then testwasnota~liedtothepeakloadsofrunB intableIIinviewof
thenonstationarycharacterofthelosd.spriortotransformationandthe

. largedeparturesofthepeskdistributimsshowninfigure9.

----- .— —-— ____ .—— .-——._— -
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Ih tableIVthevaluesof f. andof fp“obtainedbyuseofe@a-
tions(k)and(5)fromthepower-spectrumestimatesofrunsA andB are

b

comparedwiththevaluesactuallyobserved.‘l?hespectrumvalueofthe
zero-crossingfrequencyexceededtheobservedtime-histo~valueby 1.8 u
to-0.6CpS.Theestdmatesofpeakfre~-gcyfp frcnnthepowerspectra
exceededthetime-historyvaluesbysmountsrangingfkom5.3to8.6cps,
orasmuchas33percent.Valuesof fo arethusobtainedfrcmthe
spectrummoreaccuratelythanarethevaluesof fp. Forthepurposeof
loadprediction,thefrequencyofthelargerloadsisprimarilydetermined
bythevalueof fo,andtheagreementbetweenthevaluesof f. shown
intableIVisconsideredsatisfactory.Thefactthatthespectrumval-
uesof fp’areconsistentlylargerthantheobservedvaluesmsyperhqps
indicatesomenon-Gaussiancharacterofthebuffetprocesswhichis
appearinginthesecondderivative.Ontheother-hand,inaccuraciesin 1
thepowerestimatesatthehigherfrequencieswhichdonot@eatlyaffect
theprecisionofthevalueof u canbemagnifiedbydifferentiation
(eq.(A24))endcanthusaffecttheaccuracywithwhichthespectrumofthe
second.derivativecanbeobtainedbythismethod.Althoughtheapparent
deviationfromtheGaussisndistributionwhichisevidentinthesecond
derivativeisofconsiderabletheoreticalinterestand.appesrstowarrant
furtherinvestigation,formostpracticalpurposesbuffetingcanbe
treatdasa Gaussianrsmdomprocess.

ApplicationofPresentResultstoBuffetResearch

h resultsofthepresentstudyareofspecialinterestinconfec-
tionwiththeinvestigationofbuffeting.!lheseresultshavetodowith
theGaussianchsrxmteroftheloedsandwiththesimpl.ici~ofthepuwer“
spectral.densitiesofthelosds.

TheGaussianchsracteroftheloadsissignificantinviewofthe
wealthofstatisticalinformationavail.SbleaboutGaussiaudistributions
esoutlined.h thesectionentitled%ethodofAnalysis”sndinappen-
dixA. Asappliedtobuffeting,suchstatisticalpropertiesasthe
percentageoftimea givenlosdisexceeded,thenuniberofcycles,and
themagnitudeofpeaksareperhapsofmostinterestsincetheyhave
immediateapplicationinconnectionwithestimationoflimitlosdssad
fatigueeffects.

Thepowerspectraldensitiesofthelosdsmeasured@ thepresent
studymy be casideredastheresultantofa rsndomfluctuatinginput
actingonanelasticsystem.Asoutlinedinreferences2 snd3,the
characteristicsofoutput,input,andsystenmaybe acpressedb terms
ofthreerelatedfrequencyfunctionsas

-.

Oo(f)=A2(f)Oi(f)

-—— -—. — — .
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where

‘qf ) frequencycontentofinputforce

@o(f) frequencycontentoftheoutputorresponse(structural.load,
displacement,vel.oci~,acceleration,etc.)

A2(f) squareoftheadmittanceofthe‘systemtoa sinusoidal.force

Buffetingisthuseqressedintermsofthreepertinentquantities,
eachofwhichmeybeinvestigatedindependently.Sinceu airplane,
vibrationwise,isa verycmplexsystem,theadmittancecouldconcei~bly
be a complex~ressioninvolwingmanydegreesoffreedam.Itisinthis
connectionthatthesimplepowerspectrashownh figure6 aresignificant.
Eachspectrumreflectspredmuinantlytheresponseofa singledegreeof
freedam- inthecaseofthewing,thefirstsymmetricbendingmode.As
illustratedinreferences2 snd3,restrictiontoa singledegreeof
freedomCSZIled toS(MEsimpleanalytical.results.Tnthecaseofthe
presentunsweptwing,itappearsthatsucha restriction,asexemplified
inappendixB ofreference3,should.permitthed@erminationoffirst- .
ordereffectsatleast.Inviewofthebending-torsioncouplingwhich
ischaracteristicofsweptwings,theadmittanceofsweptwingsispossi-
blymorecomplexthanthatofunsweptwings,anda studyofthepower
spectraldensitiesofotherplanformswwuldbeofinterest.

CorrelationWithPreviousResults

Inasmuchasthepresentstudystemsfromthestudyofpeakbuffet
loadsreportedinreference3,* wasundertakenpartlytoinvestigate
someoftheassumptionsmsdeinthatanalysis,a canpsrisonofsameof
thepresentresultswiththoseofreference3 isindicated.Inthe
analysisofthepeakwingbuffetloadsreportedinreference3,usewas
tie ofenasymptoticexpressionforthepeakprobabilitydistribution
ofa (%ussisnprocess,obtainedh reference4 (eq.3.6-11)andgiven
inappendixA ofthepresentpaperaseqyation(A35).Thisexpression,
forthe-e)? Ofpositive(Ornega%iVe)pe- perSeC- NL which
exceedavalueof L,is

NLs foe-L2/2# (u)

Egyation(11)appliesalmost”exactlytopeakslsrgerthen1 stsndard
deviation.Alternatively,thepeakvalue~, whichwilloccuronly
onceinaperiodT,isobtsincdbysolutionfor AL oftheequation

(12)
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ref=mce3 wa8thef&e-
dominantmodeinwing

buffeting.~s freqxncywasU.7 cpsforrunB. U ‘probability
distributionofthepeakwingloadsofrunB,~ressedas L/P,is
plottedinfigurelo,incomp~isonwiththeasymptotic~ressionfor
theseloads.!lllelinesrepresentthreeclifferentvaluesof fo. The
linemarkedU.7 cpscorrespondstotheassumptionsofreference3,
1.4.8isthevalueof f. counted(tableIV),and16.4cpsisthespec-
trumvalue(eq.(4)).EachoftheU.nesisa fairrepresentationofthe
data.Kl!hedifferencesbetweenthemwouldbe ofMttlepracticalsignif-
icanceinsuchfieldsaafatigue,wheredifferencesof2 to1 insuch
quantitiesEMfatiguelifearetobe expected.

Forthersndanrespomeofa linearsingle-degree-of-freedomoscil-
latormibjecttoa Gaussianrandominputwithawhitespectrum,thezero
crossingfrequeqcyfo isequaltotheund.smpednaturalfrequency.The
clifferemcebetween9.3cpsforrunA,11.7cpsforrunB,andthevalues
of f. givenintableIVmaybeconsideredastheeffectsofthepres-
enceofotherstructuralmodesinthebuffetloads(fig.6)andof
departuresofthecoloroftheunbcqmbuffetinputspectrumfromwhite;
nonetheless,itappearstiomfigure10thata single-degree-of-freedom
approximationwouldaccountatleaatforfirst-ordereffects.

.
I%thepresentpaper,useoftheroot+nean-sqwm?ebuffetloadsover

shortintervals,asinfigures2,3,and4,hasresultedinefficient
useofflight-testresults.lhtheanalysisofreference3,onlyone .
datumpointwasobtainedforeachrun,sincethemeasureofbuffetload
was AL,one-halfofthelargestpeak-to-peskfluctuationmeasuredin
therun.‘J!&statisticalnatureoftherelationshipbetweenthestandard
deviationorrootmeansquareandthepeakvaluesmakespossiblea com-
parisonoftheresultso~tainedwith
theanalysisofthewingloadsin26

& = (153.5

&e twomeasures.‘~‘reference3
runsledtotherelation

(u)

Theslopeoftheleast-seesUne throughthewingdataoffigure&(b)
is672~ 25poundsperunitchangeinpenetrationwhich,tekenwitha
valuefor q of292poundspersquarefoot,lesdsto
. .

q=39p~ (14)

me 26maneuversanaIYzedinreference3 averaged4.6secondsin
duration.H f. istakenas14.8cps(tableIV),equation(12)indi-
catestkt onth syeragenot’moretti onepeakin4.6seco= wou~
exceedthestandsxddeviation~ a factorof2.92,or
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(15)

TheresultsforrunB arethereforewithinabout30percentoftheresults
obtain~forthe26runsofreference3. Thesgreemertwouldhavebe=
closerhadthevaluesof P us&lforthecorrelationofreference3 been
thelargestpenetrationratherthanthesm&dmessmal16ractualvalue
atthetimethepeakloadwasobtained,buttheresultsfromthetwo
clifferentmeasuresofbuffetintensi~canbe consideredingood.sgree-
ment.Whereasthestandardde@ationmakesmoreefficientuseofthe
dataandutilizesameasureofgreaterstdbili~,morec(nnputational
effortisrequiredtoobtainitthanthesimplerpeak-to-peakvalues.
How~er,eithertechniquecouldbeused,thestandarddeviationbeing
thepreferredmeasureW* flight-testtime.mustbe conserved.

CONCLUDINGREMARKS

Sanestatisticalpropertiesofthebuffetloadsmeasuredonthewing
endtailofa fighterairplanehavebeenanalyzedh anattempttodeter-
minewhetherbuffetingcanbe considereda Gaussianrandcmprocess.

Fora representativestallmaneuveritappearsthatthewingbuffeting
isessentiallya Gaussianrandomprocess.Theloadsarenormallydistri-
buted,andtheprobabili~thata loadpeakwillexceed.a givenlevelis
inagreemaxtwiththetheoreticalresultsobtainedbyRicein‘!Mathematical
AnalysisofRandomNoise.” Thereisevidencethatthetailbuffetloads
arenotsonormallydistributedasthewingloads,andthereisalsosame
evidenceofcorrelationbetweenangleofattackandtailbuffettitensi~.

Fora representativepull-upintobuffetingintheshockregime,the
buffetintensi~appearstovaryldnearlywithpenetrationbeymdthe
buffetboundary.Theloadsundermaneuveringconditionsaretherefore
notstationaryandarethusnon-Gaussian,butbymeszwofa s~le linear
trsxmformationthebuffetloadsinmaneuveringflightcambetreatedas
a Gaussisnprocess.

Thepowerspectrumofthewingrootshearindicatesthatbuffet
shearloadsareprimarilyassociatedtithresponseinthefirstsymmetri-
calbendingmode.Althoughotherstructuralmodesarepres-t,their
contributionismall,andthespectrumisessentiallycharacteristicof
theresponseofa lightlydampedsingle-degree-of-freedomsystemtoa
randomdisturbance.Thepowerspectrumofthetailrootshearindicates
thatthetailloadsare,,primarilyassociatedwiththefuselageina tor-
sion,or“tail-rocking,mode.

. .. . . —— ... . -- —. — ..—._ -
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oftherelationshipbetweenbuffet=intensityandair- -
conditions,numericalfilteringtechniqueshavebeen
forseparatingthebuffetloadsfromthe‘low-frequency
associatedwiththemaneuveringoftheairplane.A use- U

fulmesaureofbuffetintensi~waatheroot+nean-sqparebuffetshear
averagedovera l/2-secondinterval.‘Jhismeasurewasfoundtobe suffi-
cientlystablestatistically,yetdidnotenccmpasssolonganinterval
thattheeffectsofchangesinflightconddtionwereobscured.

LauglqyAeronauticalLshoratory,
NationalJUM.SOWCommitteeforAeronautics,

LsngleyField.,Va.,liey10,1956.

“
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SOMECHARACTERISTICSOFA GAUSSIANRANKIMEROCESS

..

.

.

Thenatureofsameoftheconceptsavailable
ofrandomprocessesaudthesimplificationswhich
cessisGaussianarediscussedinthisappendix.
someofthepracticalapplicationsofitemswhich

forthedescription
resultwhenthepro-
EnphasisiSgivento
aredevelopedinmore

detailinreferences4,5,6{,and7. Thediscussionisrestrictedto
whatist- a “stationeryrandomprocess.Forrandomtimeseries
suchasaredealtwithinthepresentpaper,therestrictiontostationary
mesnsthatwhiletheqpantityofinterest(forexample,load)varieswith
the,thevalueofanystatisticalmeasureofthequanti~(forexsmple,
itsmeansquare)doesnotdependuponthetimeforwhichthemeasureis
determined.Thustimedoesnotenterdirectly,butisusedonlyasa
meansofspecifyingthedurationofa timeinterval.

Prob-abili@Distributions

A stationaryrandomfunctionoftimey(t)msybe
by a seriesofrelatedprobabilityfunctionsWI> W2 $

Wl(y)dy istheprobabilityoffindingy betweeny

characterizeed
. . . Wn where

and y+~;

w4Yl,Y#r) ~1’3y2 isthejointprobabilityoffindingapairofvalues
of y intherangesyl to yl+ @l and Y2 to Y2+ dY2~w~ch
area timetitervalT apartflwmeachother;

‘3(yI~y2Jy3JTl~72)dYldY2~3 iSthe
tripleofvaluesof y inthersnges
ya+ @22 - Y3 to Y3+ dY3,where
intervalT1 apartand 02 - @3

jointprobabilityoffindinga

Y1 to Y1+ *I) Y2 to
~1 and dy2 arethetime
arethetimeintervalT2 apart.

The Wn probabilitydistributionsrepresenta completestatistical
descriptionoftheprocess,eachdistributionofhigherorderdescribing
itingreaterdetail.The$’unctionWl(y)istermedthefirstprobabil-
itydensi~;itfulfillstherequirements
nevernegative,andthat

J.

m
Wl(y)dy=

thataprobabilityfunctionis

1 (Al)

—. ——. _ ____ ___ ——. — .._.
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Rmm Wl(y)theaverage
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theprob~llimfunctionP(y),whichisthe
valueof y win be exceeded;thatis

I

w
P(y)= WJY) w (A@

Y

valueof y canalsobefuund:

~ J-

m
T= Y WJY) ~ (A3)

which(fora stationaryrandomprocess)isthessmeasthetimeaverage

J

T
Y--L-=

T-+=2T -T
y(t)dt.

A measureofthespreadofthevaluesof y(t) aroundtheaverage
value~ isthestandard
rootoftheaveragevalue

Thevalueof amsy

Formaw mnmosesit

also

dwiatim 6,whichisdefin~ sathesquare
of (y-7)2:-

u= ky -~)3”2 (~)

beobtainedfr~ WI(Y).=

(Y-7)2WJY) w (A7)

isconvenienttoexpressy intermsofits

.

fluctua~i&s-abouttheaveragevalue,normalizedbythestandsrddevia-
tion.Sucha dimensionlessexpressitiisdenotedbythestandaxdvsri-
ablez,where

=Y -Tz— u (A6)

WhalChmgingvarieblesfromy to z,a dualchangeofscaleis
imvolvedwithyrobshiliwdensities,sincethefuudsmental.requirement
ofaprobsbili~distributionmustbe observed;thatis~

LmWl(y) aySJ”w~(z)a.z= 1 (A7) -
a

.

—. — ——.--—— ——.. - -- -- -- ——- --
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ad hence

.

.

.

.

.

Fromthe second
valueoftheproduct

WI(Z)=WI(Y)g = uWl(y) (A8)

probabili~distribution,W2,isobtainedthemean
y(t)y(t+r) whereT isthedifferenceintime

betweenthevaluesof y. Thismea value

(A9)

whichisa functionof T,istheqsme(fora stationaryprocess)esthe
time aversge

J’T
y(t)y(t-w)= T&mm& y(t)y(t+l-)

-T

Itgivesameasureofthecorrelationbetweenvalues
by a timeintervalT andistermedthecorrelation
therandomprocess.ll@mequation(AIO)when T-=O

R(0)=~

Forconfomi~tithstszuhxl
lationisdenotedby avalue
normalizedandecpressedas

at (&lo)

of y separatcki
functionR(T) of
itisevidentthat

(All)

statisticalpracticewhereperfectcorre-
of1,thecorrelationfunctionmy be

b(t)- FIR*)-dp(T)=
[Y(t)-F’J2

(A12)

PuwerSpectrum

Theinf-tion containedinthe Wn probsbili@distribution
functionsisalsocontainedina setofdistributionfunctionswhich
describethefrequencycontentofthetimevariationsoftherandom
functiony(t). Thesimplestofthesefrequencydistributionfunctions
isgenerallycalledthepowerspectrumorpowerspectraldensi@andin
thispaperisdenotedbythesynibol@(f).Undersuitiblelimitations
(see,forexsmple,ref.6,sec.6.7),O(f)canbedefinedintermsof
a Fouriertransformoftherandomtimefunctimy(t),butfrequently
ofmorepracticalinterestistherelationshipwiththecorrelation
functionR(T) expressedintheFouriercosinetrsnsformpair

. ..— ..--— _ ———. ———. . —..—.
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#(f)=4j” R(r)Cos2YrfTaT (m)
o

J’w

R(r)= o(f)Cos2arfTU (m)
o

Equation(A1.3)isthebasisformostnwnericalmethodsofobtadning
o(f).Frcmegystion(~) when T = O a relationfoil.uwsbetweenpower
spectral.densi~endthemeansquare:

J00

o(f)df= R(0)=? (~5)
o

Thusthepowerspecimummsyberegardedasa frequencyanalysisofthe
meansquarevalueoftherandcmtimefunction.K@ function@(f)when
appliedtoa randomprocessisregardedasa continuousfunction,in
distinctionto,say,Fouriercoefficientswhichconveysimilarinforma-
tionabouttheamplitudesofhazmmnic”functions.Intheeventthata
timefunctioncontainsnonraudomelementssuchasamesmlevel(inelec-
tricalterms,a direct+mrrentccmponent)orperiodicc~onentssuch
as AkSill(23tfkt- ~), tiesPect~ willcontaindiscontinuouspeaks.
Thisinfom&tion csn,however,be expressedincontinuousformthruugh
theconventionofthe~ac deltatiCtiOnb(f-fk),defineda8

~(f-fk)= O [f+ fk)
1

AIEo,5(f)= G(-f)andhence

Withthisconvention,for

y(t)

a timefunction

(A1.6)

(A1.7)

(AI.8)

.— —.— ----
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thecorrelationfunction is

Ak2
R(T)=~ + ~ COS2JtfkT

andthepowerspectrumis

(&o)

Theserelationshipsarefrequentlyofuseinsmalyzingthecharacteristics
ofexperimentallyderivdspectra.

TheGaussimRan&mProcess

A stationaryrandomprocessistamedGsnssiahpravldedallmeuibers
ofthesetofmultidimensionalprobshili~distributionsWn areGaussian
‘lhisrequirementmesnsthatthefirstprobabilitydistributionW1(Y)
msybeaq?ressedfunctionallyaa

WI(Y)= * e.(y.jF)2/2c# (A@

Thisequationrepresentsa one-dimensionalGaussisndistribution,the
so-callednormal.distributionofstatistics.Thesecondprobabill.ty
distributionW2(y1,y2,T)isa % —dimensionalGaussiandistribution
whichinvolvesthenormalizedcorrelationfunctionp(T):

Y12+Y22-mY1Y2
22(1-p2)

w2(v2q = 1 (A22)
23r8fs e

andingeneralthe Wn probabilitydistributioniS~ n-dimensional
Gaussisndistribution.

Thedefinitionofa Gaussianranbnprocessintermsofsucha set
ofn~imensionalGaussiandistributions,althoughccunplete,ishardlya
definitionofpractical.utillty.Itsimportancestemsfromthefactthat
fortheGsnssianrandomprocessallofthedistributionsWn willdepend
onlyon ~ and P(T),twoquantitieswhichinturnsrederivedfrcnnthe
powerspectrum,asinequations(A13)and(A15).Therefore,thespectra
densiwO(f) rosy,withequation(A21),beregardedssabasicdescrip-
tionofa Gaussianrandcmprocess.Othercharacteristicsof~ ~Sim

. . . ... ..... . . ...—. — —.— ---- ...—. .._
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processfollowfromtherelationshipbetweenthepowerspectrumand
the Wn Gaussianprobabil.i~distributions.Ofconsiderablepractical .

interestinthisconnectionaretherelationshipsbetweenthepower
spectrum,thederivativesof y(t),thefrequencyofzer6crossings,and
thefregpencyofoccurrenceofpeaksinthetimehistory.

.

Derivativesofa Gaussianrandomprocess.-A consequenceofthe
Gaussisncharacterofa rszikmtimefunctiony(t) istherelationships
betweenthederivativesof y(t) andthepowerspectraldensity@(f):

yg = J’“ (~)k~(f) &f = cry- “ (A24)
o

Itcaualsobeshuwnthatthecorrelationbetweeny(t) endits
derivativesis

y(t)~(t)= o=~(t)y(t) 1

}

J

.-. ——— ———.——— --—— - --. --— .. - . . — . -.-—-

.

(~5)

Forsomeanalyticfrequencyfunctions@(f) whicharesatisfactory
representationsofcertainplqmicalprocessesoverthefrequencyrange
ofusualinterest,e~ationssuchas(A23)or(A24)wouldhavenomesning,
sincetheintegralEwouldnotconverge.Hawever,itsppesz%thatfor
physicalsystemsparasiticeffectswillalwaysbepresentatsufficiently
highfrequencies,and @(f) willalwaysapproachzerorapidlyenoughso
thattheintegralswillconverge.

Peakvaluesofa Gaussianprocess.-InpartIfiofreference4 a
numberofresultsareobtainedonthedistributionofthezeros,ofthe
msxhmmsorpeaks,endoftheenvelopeofa Gaussisntimefunction.The
relatiomfortheper ofzerosandforthemmiberaudprobability
distributionofthepeakstieofspecialinterest,becausetheyare
.easilydeterminedfroma time-historyrecordandfrcmthepowerspectrum
andbecausetheyarequantitieswhichenterdirectlyintothestudyof
fatigue.Thenuniberoftimes,persecondthatthezeroaxisiscrossed
withpositive(ornegative)slopeis,ontheaverage,

.

.
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(A26)

sndthetotalxnmiberofpositive(ornegative)pesksis

fp=.l: (A27).

Equations(A26)and(A27)togetherwitheqpstions(A15),(A23),and
t(A24),leadtoegpations4)and(5)ofthepresentstudy.Theratio

fo/fPisthenegativeofthecoefficientofcorrelationbetweeny
and y. Theprobability@(y) dy thatapositivepeakwillfall
betweeny end y + dy isgivenby apeekprobabili~densi~function
which,intermsofthestandszdvsriabl.ez,is

where

IjTTfo2
kl= l-%

%
l%==

(A28)

(A29)

. (A30)

uW PNA isthenormal”probabilitythatavaluez/~ willbe
.%2

exceeded;thatiS~ .

Equ&ion(A28)isessentiallyequation(3.6-5)ofreference4

(A31)

expres&dintienotationofthepre&nt
fO/fpistheParUterwhichdetermines
tion(A28)isplottedinfigure5(b)far
fo/fp. Forthelimitof fO/fp= O,the
normaldistribution;fortheupperlimit
reducestotheRs@eighdistribution.

pap&. “mefrequencyratio
theshape.of Wp(z);equa-
severalvaluesoftheratio
distributionreducestothe
of fo/fp= 1,thedistribution

.. - .- . ... . . . . .. .. . .— .. ____ _ _ ____ . —.—— — .—. . . . .
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Equation(A28)hasbeenintegratedtoobtaintheprobabillwPP(y) -
that,ofallthepositive(ornegative)peaksofa Gaussianrandampro-
cess,apeakchosenatrandomwillexceeda givenvalueof y = zcr.The
resultingexpression

+(Y) ‘J;=Wp(d”U

()

.z2/2~

[
=%j& +~e -

isplottedinfigure5(a);itisa functionof
utionsad theratiofO/fp.

.

(yPNL%2 (A32)

normalprobabilitydistrib-

!l?heactualnumberof
a givmvalueof y = m

positivepeakspersecondwhichwouldexceed
is,ontheaverage,Nz,where

N== fpPp(z) . (A33)

Aspotitedoutinreferenceh,anasymptoticexpressionforthe
peakprobabilityd-i~, equation(A28),is

anexpressionwhichisquiteaccuratefor z> 1 or
spendingeqressionforthenumberofpositivepeaks
exceeda givenvalueof z is,frm equations(A32)

-22/2
Nz= fOe

(JL*)

y>a. Thecorre-
persecondwhich
and(A33),

(A35)

Thisisa convenientexpressionwhichplotsasa straightldneonsemi-
logarithmicpaperwhen Z2 isusedastheabscissa.

.

.

..— .. ————
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NUMERICALFILTERING

.

Theloadtimehistoriesrecord~inthepresentinvestigationcan
be consideredtobecomposedofamsneuvercomponentandabuffetcom-
ponent.Thefrequencycontentofthemaneuverwasconcartratedinthe
vicinityofthefrequ-cyoftheshort-periodpitchingmotion(about
1 cps)whiletheprincipalcomponentsofthebuffetingwereoftheorder
of10toM Cps.Forseparationofthebuffetcomponent,somemethdof
discriminationbetweencomponentsaboveandbelowabout3 toh CPSwas
desired.Estimationofthememeuvercomponentbymeensofamanually
fairedmeanld.nesadmeasurementofthebuffetcomponentrelativetothis
linewastediousanduncertain.Estimationofthemaneuvercomponentby
calculationoftherunningmeanprovdtobea shrplenumericalprocedure,
butuseoftherunningmeanisequivalenttouseofa luw-paasnumerical
filterwitha longtailandsystematicphaseshiftswhichwereundesirable.
A specialhigh-paasnumericalfilterwasthereforedevisedwhichissuit-
ableforusewithpunched-canlequipment,hasnophaseshifts,endhasa
sharplydefinedcutoffinthedesiredfrequencyrange.Thefilterwas,
ineffect,basedonthepropertiesofaparticularclassoflow-pass,
high-pass,andbend-passnumericalfilters.Sincetheapproachusedcan
be extendedtothedevelopmentofotherfilterswithawiderangeof
characteristics,andsinceitd.iffersinsamerespectsfromthemethod
usedinreference9,itisdescribedinscmedetail.

FreqpencyCharacteristicsofNumericalData

Forapplicationofnumericalprocedures,a continuousfunctionof
timey(t) isordinarilyreducedtodiscretetime-historyformyi by
samplingattheuniformthe intervalAt. Thisnewfunctionyi is
thusdefinedattheparticularvaluesof

t =iAt (i=O, 1,2, . . .) (Bl)

butisundefinedattitermediatevalues.Thereisno10sSOfinformation
inthisreductionif Y(t) containsnocompon~tswithfrequencies
greaterthana frequency
freqpency,where

.

.
The foldingfrequencyha8
ttonof y(t),determined

fF,termedthe~qtistfreqyencyorfolding
.

fF=~

theproper@thatinanyfrequency
fromthevaluesof yi,components

(B2)

repres~ta-
Of
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freq.~cy f)(2fFk f)>(4fFa f)$W f30fOr~JC_Ot bedistinguished.
Thuscomponentsofsuchfrequenciesgreaterthan fF appesrinthefre-
quencyrepresmtationatthefrequencyf intherange“O~fSfF,and
thewholerangeoffreoyenciesin y(t) hasbeenfoldedintotherange
o

n

1

2

3

4

5

6

7

8

.

n

to fF. Thisfoldingpropertyfollowsframtherelations

sill2@fF * ‘)t= Sizl(ait %&t)= billaft

Thebinamial

kO

1

1

1

1

1

1

1

1

.

1

1

1

2

3

4

5

6

7

8

.

(i=o, 1,2, ...)

Binomial-CoefficientFilters

Coefficients(~)

2

1

3

6

lo

15

21

28

●

34

1

41

10 5

20 15

35 35

56 70

. .

asdisplqyedinthesxrsy

5

1

6

21

!%

.

6 7 8 ... n-in

1

71

28 8 I

. . .

n...‘(n- l)(n-2)”””(n-k+l) ... n 1
k(k- l)(k- 2)...(3)(2)(1)

andtheirsums& formthebasisforanumberofintegratingandsmoothing
formulas. Thesmoothingactiononnumericaltitsisaldntotheaction
offiltersonelectricalsignals,asmaybeseen,forexsmple,by consid-

eringtheactionoftheformulabasedon()::

.

.

,

.— —. .—.— _ .
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“

.

y(t)= >[Y(t4t) + a(t) + Y(t+fiq

when y(t) isa sinewaveoffrequencyf,thatis

y(t)=sin2arft

or,if t = iAt,

27

(B3)

Yj,
3tfi=Sinr

Applicationoftherelations~n(a~b) =sinacosbtcosasti b
toequation(B3)gives

y(t)= 1+ cos(2arfAt)sti=
2

or

l+COS=
~~= p

“‘i = k0B2$$)yi

Thus~(t) (or ~i)isa sinusoidofthessmefrequmcyas y(t) (or
Yi)butthe~~~e hasbeammfiedby theterm COS2~~, which2 f’

( )
2 binomial-coefficientfilter.thusrepresentsthefilterfactorofthe ~

Fordata-processingpurposes,theoperationrepresented~equa-
tion(B3)ismoreconvenientlyexpressedinmatrixformas

{1

Yi.1
7i=~p2qyi “

Yi+l

or,ingeneral,forthenth-orderbinomialcoefficients,

‘i‘$@)j{Yi}

andthefilterfactoroftheassociated

Yn(f)= Cosn

(34)

filteriseasilyshowntobe

(B5)

. — . .. . .-.—.. — .——.-——. -..—. .-— _ _ . .—
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Applicationofa second-orderfiltertoobtain~i,followedby a repeti-
tionofthisactionon ~i togiveFi,isequivalenttoa singleappli- -
cationofa fuurth-order
sentationofthisdaible

Successivewerationsof

filter,asmeybe seenf&omthe”matrixrepre-
filteringprocess:

2 lJ’

21j 12100

01210
00121

I‘i+2j
I

k“6 4 1.~i}

thistypearecommutative,useofannth-order

.

filterfoll&dbyenmth-ofier-~ilterbeingegyiv&lenttouseofan
(nim)-orderfilter,endthefilterfactorsarealsocommutative;thatis,

.

‘(nim)(f)=y(m~)(f)= kos @*
(B6)

.

Thebinomialfiltersareall1OW-PSSSfil.ters,thefilterfactor
beinguni~ at f = O andzeroatthefoldingfrequency.Thefilters
determinedbythecoefficientsofevenorderhavethespecialproperties
thattheyarenonnegativeendhavenophaseshifts;thus,thetime
relationshipsofcomponentsofdifferentfrecpnciesarepreserved.The
low-pass-filtercharacteristicYn(f) isplottedinfigure11(a)fOr

f < 1 forseveralevenvaluesof n. ThehigherthetherangeOS%.

orderofthefil.ter,thesharperthelow-frequencycutoff.Asmeasured
bytheusualcriterionofbandwidthatthehalf-powerpoint,Y(f)= 0.707,
thesecond-orderand28th-orderfiltersWWUld~ve b- Wdtk ofO.36fF
@ ().lofF>respective~.

ModifiedBinomialFilters .

~ a simpleoperationonthecoefficients,eacheven-orderbinomial
filtercsnberelatedtoa high-passfilterwhichhasa filterfactor

-. --------- ——. _ -.. .— .-
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ofOat f= O and1 atthefoldingfrequency.ThetimehistoryZi
computedwiththehi@-p13SSnumericalfilterisrelatedtothet- history
~i bytherelation

thatis,thedoubleuperation- applicationofa low-passfilt~followal
bysubtractionframtheoriginal-thehistory- ise-@valenttoa single
operationwiththerelatedhigh-passfilter. -

Since,fromequations(~) smd (B7),

‘i-(n/2)
.
.
.
Yf
.

I..‘i+(n/2}
thecoefficientsforfindingZi inoneoperation
relation

arecontdndinthe

That is,the
negativesof

coefficientsforthe
thecoefficientsfor

centralcoefficientk = ~,which

(7)binomialcoefficientn z . !I!hus
high-passfilteriszero.Ihthe

yi-(n/2)
.
.
.
Yi
. 1

M..Y-J+(n/2)

●

(B8)

nth-orderhigh-passfilterarethe
theluw-passfilter,exceptforthe
isequalto~ minusthecentral

thesumofallthecoefficientsofthe
followingarrsystheleft-handset

. .. . -— . ..— — .— .. — —_ -- ——
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representsthe
psasfilters.
the

n

2

4

6

The

sumofthe

P

4

ti

64 i

NM2ATN

low-psmfiltersandtheright-handsettherelated
Thenormalizingfactorforeachsetofcoefficients
binomialcoefficients,~.

IowPass HighPass

121 -1 2 -1

14641 -1 -410-4-1
.

615201561 -1 -6 -1544 -15-6 -1

3733

high-
is

high-pass-filtercharacteristic~(f).forthenth-ord~filteris

%(f) = 1- Yn(f)

(B9)

2Yrfwhich,for n = 2,is sin ~ ~. Thefiltercharacteristic~(f) is

plottedinfigurell(b”)forcomparisonwithYn(f) (fig.n(a)). AS
theorderincreases(andthus-thelengthoftimeoverwhichthefilter
“remembersn increases),thesuppressionofhigh-fhegyencycomponentsby.
thelow-passfilt=becomesmoreeffective,.andthefilterbeccimes
sherper;similarly,thepassbandofthehigh-passfilterbecomeswider.

Operationswithlow-andhigh-passfiltersarecommutative,andgive
band-passfilters.For
filter@ 2 IJ -
to thefilter~L-I O

Similarly,theoperator

example,combinationofthesecmd-ordtilow-pass
thehigh-passoperatorL-1 2 -~ isequivalent

20 -1],whichhasa characteristic

F(f)= 4Y2(f)Z2(f)

coefficients)hasa filteramplAtude

F(f)=

.,

(basedonthefirst-omlerbincmial
characteristicof

ah g (Bll)

.

—— -. —.__— ______ — -.-——— -—..-



5H

.

.

.

.

NACATN3733 31

Theband-passfilterscsnalsoberegardedasmodifiedbinomial
filtersforwhichthefoldingfrequencyhsabeenredefined.Forexample,
theoperation&I o 2 0 -lJ cmberegardedssthehigh-passfil-
teroforder2 operatingonthepointsYi-2,Yi,- Yi+2;t~~ -fi
effect,thetimeintervalAt betweendatapointsisduubled,andthe,

fF
effectivefoldingfrequencyisthevalue~ =k~. Thusif

~kl2 -lJ isrepresentedbya filterfactor

.~~2tifZa(f) – —2 fF

theoperatoriL-Io 2 0 -1~representsthefilterfactor

F(f)= Sti2~ ~2 fF/2

That is,

F(f)= s& G
fF

(B1.2)

(BU)

whichisthesaneasequation(B1O).

SeparationofManeuveringandBuffetLosds

Forthepurposesofthepresentstudya pairof1(Yw-andhigh-pass
filterswasdeveloped.Thesefilters,likethe28th-orderbinomialfil-
ters,”operateon29successivevaluesofthemeasuredtimehistoryyi,
butclifferfromthebtiomial-typefiltersinbothsherpnessofdiscrimina-
tionatlowfrequenciesandinsuitabilimforroutinecomputationswi.ti
puuched-csrdeq~pment.Thefiltersaremore
ofthelow-passmemberoftheptir,whichwas
fou,rth-orderbinomialoperator

*LI 4 6

andthetworelatedmodifiedbinomial
characteristics

~L’ 0406

4 q

easilydescribed
constructedfrom

operatorswith

0401.J

in terms

thelow-pass

(Bl&a)

band-pass

(Blkb)

. . —-....- .—..— ——-— ..— —— . .. ---- ---- —-
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#ooo 4000600 O

!T!heseoperators,respectively,havethefilter

Y-&(f)= COS4g *

y4(2f)= COS4~$$

Y4(4f)= COS4~~2 f=

asshowninfigure12(a).Thethreeoperators

NACATN3733

40001J (Bl&c)

characteristics

(Blh)canbeusedin
successionwiththreepassesofthesimplerpunched-cardcalculators,
orwithmoreelaborateequipmentthefilteringcanbeaccanplishedwith
thecombinedsymmetricaloperatorwhichactson29fijac=tpoints:

1 1410203556841m 1612042462a315336344336...lJ40g6L
(B15)

h eithercase,thefilterfactorF(f) isgivenbytheproductofthe
filterfactorsofthethreeoperatorss8

[

4
F(f)= COS~ ~ COSZ a COSZ 4a2 fF 2 fF 2 fF)

whichisillustratedinfigure1.2(b).Asmeasuredbythecriterionof
bandwidthatthehalf-powerpoint,F(f)= 0.707,thisfilterhasa
bandwidthofO.0575fF)oraausedinthepresentstudies,where
fF= 50CPS,thebandwidthis2.9CPS.Itisthussharperthanthe
28th-orderbinomialfilter(fig.I-2(a))whichoperatesonthesamenum-
berofpoints.Four-tenthsofonepercentofthetotaltransmission
lAesinthreeminorlobeslocatedbetweenthezerosat ~ = 0.25,0.50,

fF
0.75,and1.00,andshowntoanaqymdedscaleinfigure1.2(b),butthese
lobesareallsmallerthan0.0028inamplitude.

Tnordertoobtainthebuffetload,thetime-historyvaluesofthe .
maneuverloadobtainedthroughuseoftheoperator(B15)weresubtracted
fromthemeasuredloadtimehistory.Itcouldhavebeenobtaineddirectly 9

-- ..
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byuseofthehigh-passfilterequivalenttotheoperator(B15)but,
sincethecentralcoefficientofthefilterwouldhavethencontained
notthreebutfourdigits(4,@6 - ~ = 3,752),thebuffetloadwas
obtainedintwostepsinordertopreservethecomputationalefficiency
associatedwiththethree-digitcoefficientsof(B15).

. ...— --- -—-—— —— -.—-. ..— --—- .-
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TABLEI.-GROUNDvIBRA!l?lDIv~ OFAIEU?IANESTRUCTURALMODES

IYequency,cps,for-

Basic Modified
airplaneairplane

Wingmodes:
Firstsymnetricbending.. . . . . . . . . . . .
Firstasymmetriclxmiing. . . . .’.......
Firsttorsion. . . . . . . . . . . . . . . . . .
Secondsymmetricbending. . . . . . . . . . ...

Horizontalstabilizermodes:
Firstsymmetricbending. . . . . . . . . . . . .
Firstaqmmetricbending. . . . . . . ... . . .
Firsttorsion. . . . . . . ... . . . . . . . . .

Fuse-e modes:
!lbrsion. . . . . . . .. ~.. . . . . . . . . .
Sideb- . . . . . . . . . . . . . . . . . .
Verticalbaaing . . . . . . . . . . . . . . . .

.

,

----

25.0
36.0
70.0

9.8
3.2.5
14.9

25.0
36.0
70.0

9m.8
12.5
lk.g

-. . ----- .—.. —.— .-. - — -—- ——-— -—- - ——-
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●

TABLEIII.-~ DISTRIBUTIONOFTRANSF(lRMED

IIMDSANDIOADPEAKSFORRUNB

Ikequencyfor-

Rage of L/P, wing Tail
lb

~~~ PositiveNegative~&B PositiveNegative
pesks peaks peaks pedm

-2,000to-1,800
-1,800to-1,600 ; ;
-1,600to-l,kOO 3 2
-1,400to-l,ZZ)O 5
-1,200to-1,000 lo : f f
-1,000to -800 U 8 10 6.
-8Q0to -600 21 8 15
-600to -400 23
-400to

13 E
-2: ;: 42- : 2

-200to : ; 40
200 40

3 9
0 to 6 2 47 6

200to 400 41 8
400to

2 50 L! 5
600.27 6 2 . 35

600to
23 1

800 21 12 21 7 1
800to 1,000 20 13

1,000to 1,200 10 6 i ;
1,200to 1,400 2 1
1,400to 1,600 ; ; 1 1
1,600to 1,800 1 1 0 0
I,800to 2,000 0 0 1 1
2,(X)0to 2,200 1 1

N 320 67 67 320 73 72

Mean
6:; 5Z

> 19.8 4.7 4.8 5.5

X!05 22.4 11.1 m.1 11.1

-....—. ---. ..— — -. -.— .—— —. —.----— ----
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TABLEIV. - VALUESOFFRE@EMNPMNWITRSOBTAINED

FROMPOWERSPECTRAMD FROMTIMEHISTORIES

wing Tail
Source

q)~ fp~ % f’p~
f’o/fP fo/fPCps Cps Cps Cps

RunA:
Spectrum- 18.134.8 0.52 15.525.40.61
Timehistory 16.326.2 .62 15.720.0 .78

RunB:
Spectrum 16.427.3 .60 15.528.1 =55
Timehistory 14.821.8 .68 16.122.8 .70

RunB (inwmsformed):
Timehistory 14.821.0 .77 16.122.7 .71

.

.—— — .-. — — .-

.

.
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Figure3.-Variationofwingandtailbuffetloadwith ~ and a in
stall.RunA.
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Figure5.-Concluded.
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Figure U.- Filter factor of binomial filter of Ordar n and associated high-pass
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Figure12. - Construction of the numerical filter for separat Ing total lead .measuremetis into
maneuvering and buffet components. !3

.


